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1 Introduction 

This paper is a successor of the paper |1] by A. Bak and N. Vavilov. The main 
result is the following: If {R, A) is a form ring such that R is quasi-finite and H is 
a subgroup of the hyperbolic unitary group U 2 n{Ri A) where n ^ 3, then 

H is normalized by the elementary subgroup EU 2 n{R, R) of U 2 n{RiR) 

^3! form ideal (/, T) : E[/ 2 n((i?, A), (/, T)) c i/c CRsnll/?, A), (/, T)) (1.1) 

where EU 2 niiR,R), denotes the relative elementary subgroup of level (/,r) 

and CU2n{{R, R), denotes the full congruence subgroup of level (/,r). This 

result extends the range of validity of previous results. If R has finite Bass-Serre di¬ 
mension d (cf. [T]) then the result was proved already in [2] provided n ^ sup{d-\-2, 3) 
and if R is commutative, it was proved recently in [9]. An incorrect proof, which 
can be repaired when 2 is invertible in R, was given in [7]. 

The paper is organized as follows. In section 2 we recall some standard nota¬ 
tion which will be used throughout the paper. In section 3 we recall the definitions 
of the hyperbolic unitary group and some important subgroups. In section 4 we 
prove the main result (1.1), first for certain almost commutative rings and then for 
quasi-finite rings. 

The current paper formed a part of my doctoral dissertation. I would like 
to thank my advisor Anthony Bak for his guidance during the preparation of my 
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dissertation and in particular for making me aware of the theory of model unitary 
groups, which is used in section 4. 


2 Notation 

Let G be a group and H, K be subsets of G. The subgroup of G generated by H is 
denoted by (Lf). U g,hE G, let := hgh~^, g^ := h~^gh and [ 5 ^, h] := ghg~^h~^. 
Set := {{^h\h s H,k s K}} and := ({h^\h s H,k s K}}. Analogously 

define [H,K] and HK. Instead of ^{g} we write ^g (analogously we write g^ 
instead of {g]^, instead of {g.,K] instead of {{g],K] etc.). 

In this paper, ring will always mean associative ring with 1 such that 1 A 0. 
Ideal will mean two-sided ideal. If is a ring and m, n e N, then the set of all 
invertible elements in R is denoted by R* and the set of all m x n matrices with 
entries in R is denoted by Mmxn{R)- If a e Mmxn{R), let e R denote the 
element in the (z,j)’th position. Let a* e MnxmiR) denote its transpose, thus 
= ttji. Denote the Lth row of a by and the j-th column of a by a^j. We 
set Mn{R) := Mnxn{R)- The identity matrix in Mn{R) is denoted by e or 
and the matrix with a 1 at position {i,j) cind zeros elsewhere is denoted by e®L If 
a e Mn{R) is invertible, the entry of a~^ at position {i,j) is denoted by aL, the Tth 
row of a~^ by and the j-t\i column of a~^ by aT. Further we denote by '^R the 
set of all rows v = (ui,..., n„) with entries in R and by the set of all columns 
u = (til, ■ ■ ■, UnY with entries in R. 


3 Bak’s hyperbolic unitary groups 

In order to classify the subgroups of a general linear group normalized by its ele¬ 
mentary subgroup, the notion of an ideal in a ring is sufficient. Bak’s dissertation 
[ 2 ] showed that the notion of an ideal by itself was not sufficient to solve the analo¬ 
gous classification problem for unitary groups, but that a refinement of the notion 
an ideal, called a form ideal, was necessary. This led naturally to a more general 
notion of unitary group, which was defined over a form ring instead of just a ring 
and generalized all previous concepts. We describe form rings {R, A) and form 
ideals ideals (/,r) first, then hyperbolic unitary groups U 2 n{R,R) over form rings 
(i?. A). For form ideals (/, F), we recall the definitions of the following subgroups 
of U 2 n{R,R)', the preelementary groups EU 2 n{I the relative elementary groups 
EU 2 n{{R, R)YY^))y the principal congruence subgroups U 2 n{{R, R)YY^))y the 
full congruence subgroups Gf/ 2 n((i?, A), (/,F)). 

Definition 3.1 Let i? be a ring and 

-:R->R 

T 1 -^ T 

an involution on i?, i.e. r-fs = r-l-s, fs = sf and r = r for any r,s e R. Let 


2 



A e center{R) such that AA = 1 and set A^m := {r — Ar|r e R} and Amax ■= {r ^ 
R\r = — Ar}. An additive subgroup A of i? such that 

(1) A^jjj c A c A^ax ciiid 

(2) rAf c A Vr e i? 

is called a form parameter. If A is a form parameter for R, the pair {R, A) is called 
a form ring. 

Definition 3.2 Let {R, A) be a form ring and / an ideal such that 1 = 1. Set 
hmax = / n A and Vmin = {^ - e -f} + <{C«CIC ^ 1,01 e A}>. If we want to 
stress that T^ax (resp. Tmin) belongs to J, we write (resp. LR^). An additive 
subgroup r of / such that 

(1) ^min ^ r c and 

(2) aVa C r Va e R 

is called a relative form parameter of level I. If F is a relative form parameter of 
level /, then (/, F) is called a form ideal of {R, A). 

Until the end of this section let n e N, (-R, A) a form ring and (/,F) a form 
ideal of (i?, A). 


Definition 3.3 Let U be a free right i?-module of rank 2n and B = (ei,..., e„, e_„, 
... ,e_i) an ordered basis of V. Let (pB ■ V ^ R^"^ be the module isomorphism 
mapping e* to the column whose Ath coordinate is one and all the other coordinates 
are zero if 1 ^ z < n and the column whose {2n + 1 + z)-th coordinate is one and 
all the other coordinates are zero if —n ^ z ^ — 1. In the following we will identify 
elements v e V with their images 4>b{v) e R^^- Let p e Mn{R) be the matrix with 
ones on the skew diagonal and zeros elsewhere. We dehne the maps 

ff : U X U R 

(n, zc) ^ zj' ^w, 

h:V xV ^ R 

0 p 

Xp 0 

and 



{v,w) 


^:V ^ R/A 

V f{v,v) + A 

where v is obtained from v by applying ^ to each entry of v. The maps ff, Ih and 
q are denoted in [1], page 164, by /, h and g, respectively. It is easy to check that 
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f{v,w) = V1W-I + ... + VnW-n, tf) = V1W-I + .. . + VnW-n +XV-nWn +■ ■ ■ + XV-lWi = 
l{v,w) + Aff(t(;,v) and q(n) = nin_i + ... + VnV-n + A for any v,w e V. For any 
V E V, f(n,n) is called the length of v and is denoted by |n|. 

Definition 3.4 The snbgroup U2n{R,-^) '■= ^ GL(y)\{'h{au,av) = lh(M,n)) a 

(q((Tn) = q(M)) Vn, n e V] of GL(y) is called the hyperbolic unitary group. We 
will identify U 2 n{R, A) with its image in GL 2 n{R) nnder the isomorphism GL(y) 
GL 2 n{R) determined by the ordered basis (ei,..., e„, e_„,..., e_i). 

Definition 3.5 Let a e Mn{R). By dehnition cr* is the matrix in Mn{R) whose 
entry at position (bi) eqnals aji. Fnrther we dehne AHn{R, A) := {a e Mn{R)\a = 
—Xa*, an e A Vz e {1,..., n}}. 



Lemma 3.6 Let (R, A) be a form ring, n e N and a 
a, b,c,d E Mn{R). Then a e U 2 n{R, A) if and only if 


where 



(2) a*pc,b*pd E AHn{R, A). 

Proof See |1], p.l66. 

Remark 

(1) If a e Mn{R), then pa*p is the matrix one gets by applying the involution to 
each entry of a and mirroring all entries on the skew diagonal. 

(2) In |2j, |8| and |9| the ordered basis (ei,..., e„, e_i,..., e_n) is used and hence 
the matrices may look different. Let a e GL(y). If the image of a un¬ 
der the isomorphism GL(y) GL 2 n{R) determined by the ordered basis 
(ei,..., e„, e_i, ...,e_„) (which is used in the papers mentioned above) equals 



, where a, b,c,d e Mn{R), then the image of a under the isomorphism 
GL(y) —* GL 2 n{R) determined by the ordered basis (ei,..., e^, e_„,..., e_i) 



Definition 3.7 We define := n}, := {—n,..., —1}, Ll := u and 


e : ^ {-1,1} 



Lemma 3.8 Let a e GL2n{R)- Then a e U2n{R, A) if and only if 
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(2) \<J*j\ 6 A Vj e {1,—1}. (^|cr*j| = 2 *'5 defined just before 3A.) 

Proof See |1], p.l67. 

Lemma 3.9 Let a e ? 72 n(-R, A), x e R* and k e —1}. Then the statements 

below are true where fi := e\ for any / e { 1 ,..., — 1 }. 

(1) If the k-th column of a equals xck then the {—k)-th row of a equals x~^f-k- 

(2) If the k-th row of a equals xfk then the {—k)-th column of a equals x~^e-k- 

Proof 

(1) Since a~^a = e it follows that 


-1 

(CT 0')ij = ^ 
i=i 


1 , if * = i, 

0 , otherwise. 


(3.1) 


-1 

This implies that 1 = X! ^'ki^ik = (^'kk^kk = (^'kk^- Thus = x~^. By Lemma 

i=i _ 

3.8, it follows that a-k-k = On the other hand (3.1) implies that 0 = 
-1 

X cfliGik = cr'ik^kk = (r'ik^ Vi e -l}\{/c}. It follows that = 0 Vi e 

z=i 

{1, ..., —l}\{fc} and hence, by Lemma 3.8, a-k-i = 0 Vi e {1, ..., —l}\{fc}, i.e. 
= 0 Vi e {1,..., -l}\{-k}. 

(2) Since = e it follows that 


-1 

1=1 


1 , if * = i, 

0 , otherwise. 


(3.2) 


This implies 1 = X ^kick'ik = (^kk<y'kk = ^^'kk- Thus = x By Lemma 
1=1 _ 

3.8, it follows that a^k-k = On the other hand (3.2) implies that 0 = 
-1 

X (7ki(^[j = Ckkkfy'kj = yj e {1,..., - 1 }\{A:}. It follows that = 0 Vj e 
1=1 

{1,..., —1}\{A;} and hence, by Lemma 3.8, G^j^k = 0 Vj e {1,..., —l}\{/c}, i.e. 
dj'-fc = 0 Vi e {l,...,-l}\{-/c}. □ 

Definition 3.10 If i,jeVL such that i ^ +j and ^ ^ R, then the matrix 

TijiO := e + Ce'' - ^ U2n{R, A) 

is called an elementary short root element. If i e 0 and a e A“V(*)+i)/ 2 ^^ then the 
matrix 

Ti _fia) := e + oe*’ * e U 2 n{R^ A) 

is called an elementary long root element. If a e U 2 niR,R) is an elementary short 
root element or an elementary long root element, it is called an elementary unitary 
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matrix. The subgroup of U 2 n{Ri A) generated by all elementary unitary matrices is 
called the elementary unitary group and is denoted by EU 2 niR, A)- Let be an 

elementary unitary matrix. lii^—jA^e I or i = —jA^e then Tij{^) 

is called elementary of level (/,r) or (I,T)-elementary. The subgroup of U 2 niR,R) 
generated by all (/, T)-elementary matrices is called the preelementary subgroup of 
level (/, r) and is denoted by EU 2 n{I, L). Its normal closure in EU 2 n{Ri A) is called 
the elementary subgroup of level (/,r) and is denoted by EU 2 n{{R, R), (L, T)). 


Definition 3.11 Let i,j e {1,...,—1} such that i ¥= +j. Dehne Pij := e + 

g*i _ gi* _|. Ah(*)-e0))/2g-*,-i _ Ah(i)-e(*))/2g-t,-* _ g** _ gii _ g-*-* _ g-i-i = Tj (l) 

Tji{—l)Tij(l) e EU2n{Ri R)- 
Lemma 3.12 The relations 

(Rl) 

RMm,{C)=R,{C + 0, (R2) 

[T,,(0,r..(C)] = e, (R3) 

[R,{0,T,H{0]=Rhm, (R4) 

[T,,(0, r,,-i(C)] = - A-^«CO and (R5) 

[r,,_,(a), T_,,,(0] = r,,(aOT_,.,(-A(Ai)-d-d)/2)^-g,^) (rq) 


hold where h ^ j,—i and k ^ i,—j in (R3), i,h ^ ±j and i ^ ±h in (R4) and 
i ^ ±j in (R5) and (R6). 

Proof Straightforward calculation. 

Definition 3.13 The group consisting of all a e U 2 n{Ri A) such that a = e{mod /) 
and f{au,au) e ff(u,u) -t- T Vu e R is called the principal congruence subgroup of 
level (/, T) and is denoted by [/ 2 n((R, A), (/, T)). By a theorem of Bak P], 4.1.4, cf. 
|1], 4.4, it is a normal subgroup of U2n{R, A). 

e U 2 n{R,R), where a,b,c,d e Mn{R). Then a e 

U 2 niiR, A), (/, T)) if and only if 

(1) a = e{mod /) and 

n 

(2) \o'^j\ e r Vj e {1,..., —1}. (\(J^j\ = 2 d'ij(J-ij is defined just before 3.4.) 

Proof See [1], p.l74. 

Definition 3.15 The preiniage of the center of U 2 n{Ri R)/U 2 n{{Ri A), (/, T)) under 
the canonical homomorphism U 2 n{R,R) R 2 n(-R, A)/172n((R, A), (/, T)) is called 
the full congruence subgroup of level (/, T) and is denoted by CU 2 n{{R, A), (/, T)). 

Remark Obviously [/2n((R, A), (/, T)) c C'R2n((R, A), (/, T)) and CU2n{{R,R), 
(/, r)) is a normal subgroup of U 2 n{R, A). 


Lemma 3.14 Let a = 


a b 
c d 
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Lemma 3.16 If n ^ 3 and R is almost commutative (i.e. module finite over its 
center), then the equalities 


= {EU 2 n{{R, A), (/, r)), EU 2 n{R, A)] 

=Lf/2„((/?,A),(/,r)) 


hold. 

Proof See |1], Theorem 1.1 and Lemma 5.2. □ 


4 Sandwich classification for hyperbolic unitary 
groups 

In this section we prove onr main resnlts. 

We begin by hxing notation which will be nsed for most of the section, np 
throngh the proof of Theorem 4.11. This theorem proves onr main resnlt over a 
special kind of almost commntative form ring, which will be described immediately 
below. The general resnlt over qnasi-hnite form rings will be dednced from this 
resnlt in Theorem 4.14. After hxing notation below, we shall explain the idea of the 
proof of Theroem 4.11 and how the rest of the section is organized. 

Until the end of the proof of Theorem 4.11 let n ^ 3, {R, A) a form ring and 
C the snbring of R consisting of all hnite snms of elements of the form cc and —cc 
where c ranges over some snbring C c center[R). Fnrther assnme that i? is a 
Noetherian C-module. For any form ideal (/,F) of (i?, A) and maximal ideal m of 
C set Sm ■= C\m, Rm := SfifR, Am := SfifA, Im := 5'”^/ and F^ := 5"^. Let 

(pm '■ U2n{R, A)/U2n{{R, A), (/, F)) ^ U2n{Rm, Am)/U2n{{Rm, Am), {Im, Tm)) 

be the homomorphism indnced by Em where 

Fm '■ U2n{R,A) U2n{Rm, Am) 

is the homomorphism indnced by the localisation homomorphism 

fm ■ R * Rm- 

Let 

: U 2 n{R,A) - U2n{R,A)/U2n{{R,A)filX)) 


and 


V’m : U2n{R 771} ^771 ) - U2n{R 771 •} ^771 )/U2n{{R ), (/m,Fm)) 
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be the canonical homomorphisms. Farther set Am := /m(A). Note that the diagram 


^2n(i?,A) 




U2n{Rm-, Am) -^ U2n{Rm, Rm)/U2n{{Rmi R-m), {Im, Tm)) 


is commntative for any form ideal (/, F) of {R, A) and maximal ideal m of C. 

A road map of the proof of Theorem 4.11 is as follows. It is easy to show that 
there is a largest form ideal (/, F) of {R,R) snch that A), (/, F)) c H. 

To show that H c C'f/2„((i?, A), (/, F)) we proceed by contradiction. We show 
that if H ^ C'172n((-R, A), (/, F)), then there is a form ideal (T, F') which prop¬ 
erly contains (/,F) snch that EU 2 n{{R, R)-, — R ' f^2n((-R, A), (/, F)). Then 

it follows rontinely from the standard mixed commntator formnlas of [3], that 
i?[/2n((-R) A), (/', F')) c H, which contradicts the maximality of (/,F). This is 
the approach pioneered by W. Klingenberg and H. Bass for the general linear gronp 
GLn over respectively semilocal rings and rings R satisfying a stability condition 
and can also be applied over almost commntative rings. Over the last rings, the 
crncial step in the road map is embedding GLn{R)/GLn{R, I) in the canonical way 
into GLn{R/I) and then showing that if H' = image of H in GLn{R/I) is noncentral 
in GLn{R/I), then H' contains a relative elementary gronp En{R/I, I'/1) for some 
ideal I' of i?, which properly contains /. This resnlt is established by a localization 
argnment over the maximal ideals of center{R/I). In the case of nnitary gronps, 
we wonld like to apply the same approach, bnt nnfortnnately this doesn’t work, be- 
canse for an arbitrary form ideal (/, F), there is no nnitary gronp in the sense of the 
cnrrent paper into which we can canonically embed f/2n(.R, A)/[/2n((-R; A), (/, F)). 
Bnt, there is an nnpnblished theory of "model nnitary gronps" of A. Bak, which 
has the property that the qnotient of any model nnitary gronp by one of its con- 
grnence subgronps is again a model nnitary gronp and which has an effective lo¬ 
calization procednre. Of conrse, any nnitary gronp U2niR,R) is a model nnitary 
gronp, bnt not conversely. In this section, we shall adapt the methods of model 
nnitary gronps to the circnmstances at hand and show directly that the qnotient 
gronp U2n{R,R)/U2n{{R,R),{I,f^)) has a good localization theory. The essential 
contribntions here are made in Lemmas 4.2 and 4.4. Lemma 4.8 is an application of 
this localization theory and provides the key resnlt needed to show that if $ 

center{U2n{R, R) /U2n{{R, R) , (-f,r))) then there is a form ideal (T,F') which prop¬ 
erly contains (/,F) snch that F'172n((-R, A)),(/', F')) c H ■ [/2n((-R, A), (/, F)), i.e 
'0(F^f/2n((.R, A)),(/', F'))) c The proof of Theorem 4.11 can be then con- 

clnded as above by applying the standard mixed commntator formnlas. 

Lemma 4.1 Let (/,F) be a form ideal of{R,R) and g' e U 2 n{R,R)/U 2 n{{R,R),{I-, 
F)) be noncentral. Then there is a maximal ideal m of C such that I r\ G ^ m and 
’fmig') is noncentral. 






Proof Since g' e U 2 n{R, R)/U 2 n{{R, T)) is noncentral, there is an h' e U 2 n{R, 

A)/f/ 2 n((-R, A), (/, r)) such that g'h' h'g' . Let g,h e U 2 niR,R) such that g' = 

5 ff/ 2 n((-R, A), (/,r)) and h' = hl72n((-R, A), (/, L)). Set a := Clearly 

g'h' ¥= h'g' implies a ^ U 2 n{{R,R), {h,r)). Hence either aij ^ I for some i,j e 
—1} such that i ¥= j, or an — 1 ^ I for some z e {1,..., —1} or xj := \a^j \ ^ L 
for some j e {1, , —1}. 


case 1 Assume that a^j ^ I for some i, j e {1,..., —1} such that i ¥= j. Set Y := {c e 
C\ caij e /}. Since a^j ^ H is a proper ideal of C. Hence it is contained in a max¬ 
imal ideal m of C. Clearly I Ci C ^ Y m and hence Sm n H = 0. We show now 
that (j)m{g') does not commute with (j)m{h'), i.e. Fm{a) ^ U 2 n{{Rm, Rm), {Im,Tm))- 
Obviously {Fm{a))ij = Assume {Fm{a))ij e I^. Then 

□ re ^ 

□ X G i , S £ o.fyi '. - — — 

1 S 

3x E I , S,t E Sm ■ t{aijS — x) = 0 

3x E I , S,t E Sm ’■ staij = tx E I 
3u E Sm ’■ uaij E L 

But this contradicts Sm n H = 0. Hence {Fm{a))ij ^ Im and thus 4>m{.g') is non¬ 
central. 

case 2 Assume that an — l^I for some z e {1,..., —1}. Set Y := {c e C\c{aii — 1) e 
/}. Since CTjj — 1 ^ H is a proper ideal of C. Hence it is contained in a maximal 
ideal m of C. Clearly I n C Y ^ m and hence Sm n H = 0. We show now 
that does not commute with (j)m{h'), i.e. Fm{a) ^ C 2 n((i?m, A^), (J^, L^)). 

Obviously {Fm{a))ii - 1 = fmicFn) - 1 = fm{(^ii - !)• Assume {Fm{a))ii - 1 e J^. 
Then 

□ r c . ^ ^ 

1 5 

^ 3x E I , S,t E Sm ■ t{{aii — l)s — x) = 0 
3x E I , S,t ^ Sm ’■ st{aii — 1) = tx E I 

3x1 E Sm • G L. 


But this contradicts Sm Y = 0. Hence {Fm{a))ii — I ^ Im and thus (jxmid') is 
noncentral. 

case 3 Assume that Xj = \a^j\ ^ T for some j e {1,. ■ ■, —1}. Set Y := {c e C\cxj e 
T}. Since Xj ^ T, H is a proper ideal of C. Hence it is contained in a maximal ideal 
m of C. Since Xj e A and y‘^A c T^m ^ T for any y e Ir^C, {IrxCY ^ Y ^ m. This 
implies Sm n H = 0 and I Ci C ^ m, since m is prime. We show now that (t)m{g') 
does not commute with (f)m{h'), i.e. Fm(a) ^ U 2 n{iRni, Am), {Ira,I'm))- Obviously 
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\{Fm{(j))^j\ = fm{xj). Assume fm{xj) E Vm- Then 

3|/Gr,seS'^:^ = ^ 

1 s 

^ 3|/ e r, s, t e S'™ : t{xjS - y) = 0 

E V, s,t E S ■. stxj = ty E T 
3u E Sm ’■ UXj E r. 

But this contradicts Sm Y = 0- Hence |(TA(o-))*j| = fm{xj) ^ T^ and thus 
(pmid') is noncentrah □ 

Lemma 4.2 Let (/, F) be a form ideal of {R, A) and m a maximal ideal of C. Then 
there is an sq e Sm with the properties 

(1) if X E sqR and 3t e Sm : tx e I, then x e I and 

(2) if X E SqR and 3t e Sm ■ tx e F, then a; e F. 

It follows that (fm is injective on 'ip{U 2 n{{R, R), {sqRjSqA))). 


Proof For any s e Sm set H(s) := {x e R\sx e /}. Then for any s e Sm, H(s) is a 
(F-submodule of R. Since R is Noetherian (F-module, the set {y(s)|s e Am} has a 
maximal element Y (si). Clearly all elements x e siR have the property that tx e I 
for some t e Sm implies x e I. For any s e A set Z{s) := {x e R\sx e F}. Then for 
any s e Sm, Z{s) is a C-submodule of R. Since i? is a Noetherian (A-module, the 
set {Z(s)|s e A} has a maximal element Z{s2). Clearly all elements x e S2R have 
the property that fa; e F for some t e Sm implies a; e F. Set sq := <siS2. Since sqR = 
S1S2-R ^ Si-Rn S2R, So has the properties ( 1 ) and ( 2 ) above. We will show now that 
(jm is injective on 'il){U2n{{R, A), {sqR, sqA))). Let 51}, ^2 ^ 'ij{U2n{{R, A), {sqR, sqA))) 
such that (jmig'i) = ^m 02 )- Since g[,g2 e ?/;(C2„((i?, A), (sqA, SqA))), there are 
9 i ,92 e U2n{{R, A), {soR, SqA)) such that ^jJ{gl) = g[ and 'ijj{g2) = 92- Set h : = 
{9i)~^92 e U2n{{R, A), {sqR, sqA)). Clearly 0 ^ 0 }) = is equivalent to Fm{h) e 

U2ni{R mi ^m ), {Im,Tm)), i.e. 

(a) Fm{h) = e{mod Im) and 


(b) fmi\Kj\) e Tm Vj 6 {1,. • •, -!}• 

We want to show that g'l = g2 which is equivalent to h e U2n{{R, T)), i.e. 


(a’) h = e{mod I) and 

(b’) Xj := \h^j \ e F Vj e {1,..., -1}. 

First we show (a’). Let i, j e { 1 ,..., — 1 } such that i A j- Since (a) holds, fmihij) ^ 
Im- Hence 


3x G /, 5 £ S-YYI • 

hij X 

1 s 

3x £ I j Sjt ^ Syyi 

: t{hijS - 

3x £ I j Sjt ^ Sm 

! sthij = 

3u E Sm ■ uhij E I. 


■ a;) = 0 
tx E I 


( 4 . 1 . 1 ) 
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Since h e U 2 n{{R, A), {sqR, sqA)), Rj e sqR. It follows from (4.1.1) that Rj e / since 
So has property (1). Analogously one can show that ha — lel for alH e {1 ,..., —1}. 
Hence h = e{mod I). Now we show (b’). Let j e {1,...,—!}. Since (b) holds, 
^ ^m- Hence 

3yET,sESm:^ = - 
1 s 

^ 3y E r,s,t E Sm ■ t{xjS -y) = 0 
3y E T, s,t E Sm ■ stXj = ty eV 
^ 3ue Sm : uxj E r. ( 4 - 1 . 2 ) 

Since h e U2n{{R, A), {sqR, -SqA)), Xj e sqA. It follows from (4.1.2) that Xj e L since 
So has property (2). Hence g[ = g 2 and thus is injective on 'ilj{U 2 n{{R, R), {sqR, 
SoA))). □ 

Definition 4.3 Let G denote a group and A a set of subgroups of G such that 

(1) for any U,V e A there is aW e A such that W U nV and 

(2) for any g e G and U e A there is aV e A such that W c JJ. 

Then A is called a base of open subgroups o/IeG. A pair (H, B) is called a supple¬ 
mented base for G if H and B and are sets of nontrivial subgroups of G such that 
H is a base of open subgroups of 1 e G, each member of B is contained in some 
member of A, and ii U e A and V e B then U nV contains a member of B. 

In the lemma below we use the following conventions. Let x e R. Then RxR 
denotes the involution invariant ideal generated by x, i.e. the ideal of R generated 
by {x,x}. Now let (/,r) be a form ideal of (i?, A) and assume that x e R\I or 
I 6 r.'„^\r. Set r(i) := u e R\I <md r(:e) rS« + ({yxy\y 6 B}> if 
X E r^^^\r. r(a;) is called the relative form parameter defined by x and (/, T). One 
checks easily that {RxR,r{x)) is a form ideal of {R,A) which is not contained in 
(/, T), i.e. RxR $ / or r(a;) $ T. It is called the form ideal defined by x and (/, T). 

Lemma 4.4 Let (/, r ) be a form ideal of (i?, A), m a maximal ideal of G and 
So ^ Sm as in the previous lemma. Set A := {EU 2 n{ssoR, ssoA)\s e Sm} and 
B := {EU 2 n{RxsoR, r ( a ; so ))|( a ; e R,xso e R\I) v (x e A,xso e A ^)}- Then 
{A,B) is a supplemented base for EU 2 n{R, A) and Fm{A,B) := {Fm{A), Em{B)) is 
a supplemented base for EU 2 n{Rm, Am). 

Proof First we show (A, B) is a supplemented base for EU 2 niR, A)- Clearly A and 
B are sets of nontrivial subgroups of EU 2 n{Ri A). We show now that H is a base 
of open subgroups of 1 e EU 2 n{R, A). Therefore we must show that A satishes the 
conditions (1) and (2) in Dehnition 4.3. 

(1) Let U = EU 2 nissoR, ssoA),V = EU 2 nitsoR,tsoA) e A. Set W := EU 2 nistsoR, 
.stsoA) E A. Then clearly W U nV. 
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(2) Let g e EU 2 n{R, A) and U = EU 2 n{ssoR, ssqA) e A. There is a iL e N such that 
g is the product of K elementary unitary matrices. Set V := EU 2 n((sso)^'‘^ 
4 k-i+...+4r^ (^^o)2'4^+4^-'+-+4a) £ A. Then (see Lemma 4.1 in [S]). 

Hence H is a base of open subgroups of 1 e EU 2 n{R, A). Let EU 2 n{RxsoR, r(a;so)) e 
B. Then EU 2 n{RxsoR^T{xso)) c EU 2 n{soR, sqA) e A. It remains to show that if 
U e A and V e B then U nV contains a member of B. Let U = EU 2 n{ssoR, ssqA) e 
A and V = EU 2 niRxsoR,T(xso)) e B. Set W := EU 2 niRxssoR,T(xsso)). If 
xsq ^ I, then xssq ^ I and if xsq ^ T, then xssq ^ T (by the definition of Sq, see 
the previous lemma). Hence W e B. Obviously W e U n V. Hence {A, B) is a 
supplemented base for EU 2 n{R,A). 

Now we show Em{A,B) is a supplemented base for EU 2 n{Rm, Am)- Clearly 
Em{A) and Fm{B) are sets of nontrivial subgroups of EU 2 n{Rm, Am)- We show now 
that Em{A) is a base of open subgroups of 1 e EU 2 n{Rm, Am)- Therefore we must 
show that Fm{A) satisfies the conditions (1) and (2) in Definition 4.3. 

(1) Let U = Fm{EU 2 n{sSoR,SSoA)),V = Fm{EU 2 n{tsoR,tsoA)) E Fm{A)- Set 
W ■-= Fm{EU 2 nistsoR, stsoA)) E Fm{A)- Then clearly W U nV- 

(2) Let g e EU 2 n{Rm,Am) and U = Fm{EU 2 n{tsoR,tsoA)) e Fm{A)- There are a 

iL e N and elementary unitary matrices ri = (|^),..., e 

EU 2 n{Rm, Am) such that g = Ti... tk- Set s ■-= Si - - - sk and V := Fm{EU 2 n{ 

e Fm{A)- Then ay ^ U (see 

Lemma 4.1 in [5]). 

Hence Fm{A) is a base of open subgroups of 1 e EU 2 n{Rm, Am)- That each mem¬ 
ber of Fm{B) is contained in some member of Fm{A) follows from the fact that any 
member of B is contained in a member of A- That given U e Fm{A) and V e Fm{B), 
U r\ V contains a member of Fm{B) follows from the fact that given U e A and 
V E B, U r\V contains a member of B- Hence Fm{A, B) is a supplemented base for 
EU2n{Rm, Am)- □ 

The lemmas 4.5, 4.6 and 4.7 will be used in the proof of Lemma 4.8. 

Lemma 4.5 Let (/, T) be a form ideal of {R, A) and S ^ C a multiplicative sub¬ 
set. Let Tij{x) E ELf 2 n{Rm-i Am) be an elementary short or long root element, 
(T £ U2n(^Rrm Am) and S E S. Then [(T, Tjj (x)] E Lf2ni^i^Rm-i Amf) -! i^hm-i Am An)) 
and only if [o',Tij(^fm(^s)x)) E U2n(^(^Rrm Am) ^ Am hm))- 

Proof Straightforward computation. □ 

Lemma 4.6 Let a e U 2 n{R,A). Further let i,j e {1,...,—1} such that i A +j, 
X E R and y e A“(^b)+i)/2y^^ \a,Tij{x)) and p := [a,Ti_i{y)]. Then 

\T*k\ = + Ofc ~ 

ifkA j, -i, 

\Bj\ = AjjX\a:i:i\xajj -I- (t(_jjr|cr=i,,_j|7crTj x\T^i\x aj — Xdj 
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and 


|t* _i| = ct'_. a;|a*j|xcr'+ x\T^_j\x + a_i - \a_i 

where for each k e {1, ..., — 1 }, lies in the ideal J{cr) generated by the nondiagonal 
entries of a and a~^. It follows that if I is an involution invariant ideal and a e 
[/ 2 n((-R, A), (/, J n A)), then |r*fc| e VA: ^ -z, \T^j\ = x\a^i\x{mo<l and 

In _i| = a;|n _j|x(mod Further 

\p*k\ = d'_i^kyW^i\ya'_i^k + h, 


if k ¥= —i, 


where 



.i_i + y\p^i\y + b-i + c-Xc 

a-k,iy(r'_i^k^ 

if k ¥= —i and e{k) = 1 , 

(T-k,iyC-k, 

if k ¥= —i and e{k) = — 1 , 

(^nyfy'-i^i - y, 

if k = —i and e(z) = 1 , 

o-nZ/o-V - y, 

if k = —i and e(i) = — 1 , 



and c e J(o'). It follows that if I is an involution invariant ideal and a e U 2 n{{Ri A), 
(/,/ n A)), then \p^k\ e Vfc -i and = y|a«|z/(mod VRj. 


Proof Straightforward computation. 


□ 


Lemma 4.7 Let m be a maximal ideal of C and a e U 2 n{Rm, Rm) ■ Then there is 
an e e EU 2 n{Rmi Rm) such that (^cr)ii is invertible. 


Proof By Lemma 1.4 in [7] and Lemma 3.4 in [3], Rm satisfies the A-stable range 
condition ASi. Hence there is an ei = 


gnxn Q 


e EU 2 n(^Rm^ R-m)^ where 
ar where (x] 

the first row of Since AAi implies SRi, there is a matrix €2 = 


7 e 

7 e Mn{Rm), such that (xi,...,x„) is right unimodular where (xi,...,x_i) is 

^Ui 0 


0 a;2 


EU 2 n{Rm,Rm), where Ui and lj 2 are lower triangular matrices in Mn{Rm) with I’s 
on the diagonal, such that the entry of (^^'^^cr)ii is right invertible. Since R is a 
Noetherian C-module, R is almost commutative. It follows that Rm is almost com¬ 
mutative and hence is invertible (note that almost commutative rings are 

Dedekind-finite by Nakayama’s Lemma). □ 


In the following lemma we will apply lemmas and corollaries in [2], chapter 
IV, §3. We are allowed to do this since for any maximal ideal m of C, C'^ := 
is semilocal by Lemma 1.4 in [7] and hence the Bass-Serre-dimension of C'm is 0. 
Since R is module finite over C", Rm is module finite over C'm and hence Rm is a 
finite C^^-algebra. Further set A' := (fmi'f’iA)) and B' := (fmi'f’iB)) where {A, B) is 
the supplemented base for EU2n{Ri R) defined in Lemma 4.4. Clearly is a 

supplemented base for xfm{.EU 2 n{,Rmi Rm)) since Fm{A,B) is a supplemented base 
for EU2n{Rm, Rm) by Lemma 4.4 and cfm •=> = i^m ° Em- 
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Lemma 4.8 Let (/, F) be a form ideal of {R,A), m a maximal ideal of C and 
h' ^ « nonceutral element. Then given any 

U' e A, there is a fc e N and elements g'^,..., g'j^ e (j)m{'ilj{EU 2 n{R, A))), ej,,..., e 
Tf>rn{EU 2 n{Rmi E-m)) ond /i,..., 4 G { — 1,1} sueh that g'j^ is the nontrivial image of 
an elementary matrix in EU 2 n{R,A), 


<([■'-.(.. ([■■([■‘'•'.sil'O.s'i]'’) ■ ■ O,!)!.-.]'*) = sL 


and 

<g'E(7'Vie{0....,/c) 

where d[ = {e[ - ... ■ eg)”^ (0 < i < A:). 


Proof Let U' e A . Then there is a f/ e Fm{A) such that fjmiU) = U' . Let h e 
U 2 n{Rm, Am) such that h' = fjm{h). Since h' is noncentral, h f CU 2 n{{Rm, A^), (Fm, 
Fm)). The proof is divided into three parts, I, II and III. In Part I we assume 
that h f CU 2 n{{Rm, Em), i^m, Im A^)) and n > 3. In Part II we assume that 
h f CU 2 n{{Rm, Em), {dm, Im Em)) and u = 3. lu Part III we assume that 
h e CU 2 n{{Rm, Em), {Im,Im H A^)). The groups Ui e Fm{A) (0 < i ^ /c) ap¬ 
pearing in the proof are chosen such that c JJ where di = (e* • ... ■ eo)“^ 
(possible by Lemma 4.4). The elements ti e Sm (0 ^ i < F) are chosen such that 
Ui = Fm{FU2n{tiSoR,tiSoE)). Further we denote fmiUso) by s^ (0 < i ^ k). 


Part I Assume that h f CU 2 n{{Rm, Em), {dm, dm Em)) and n > 3. 

By [2], chapter IV, Corollary 3.10 (applied with dd there is an 

Cq ^ FU 2 n{Rm, Em) aud aU X “ G Rm SUch that [ h, Ti^_2 (^)} f UU 2 n{{Rm, Em) , 
{dm, dm n Am)). By [2], chapter IV, Lemma 3.12, Part I, case 7 there is a matrix 
Cl G FU 2 n{Rm,Am) of the form 


ei = 


V Y 
0 Z 


5 


where X,Y,Z g Mn{Rm), such that the first n coordinates of ei(^°h);j=i equal 
(l 0 ... O)* and the first n coordinates of Cl ('^“/i) *2 equal (O 1 0 ... O)*. Set 

fm{a) := a and fm{s) := s. Set go := Ti _ 2 (sosa:) = Ti _ 2 (soff) = Ti _ 2 (soa) g Vg. 
By Lemma 4.5, [ *^h,^g] f U2n{{Rm, Am), {dm, dm A,.^)). Since U2n{{Rm, Am) , {dm, 
dm Am )) is normal, it follows that cj . ^h^go) f U 2 n{{Rm,Am), {dm, dm ^ A^)). 
Since 


=""V°h,go] 

=""{9o^ + {"°h)^iSod{{^°h)~^)-2,*go^ 

=""{9o^) {{"°h)^iSod{{^<^h)-^)_2,*9o^) 

{{''°h)^2^mSoa{{"°h)~^)_i^^gQ^) 

="H5'o’^) + ei("°/i),.iSga(("°h)"^)_2,=,5'o'^(ei)"^ 

- ei(''’/i)H=2AmSga(("°h)”^)_i,=H)fi'o"^(ei)"^ 
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and "i(5fo ^) = e + (ei)*iSod((ei) ^)_2 ,h< - (ei)*2AmSod((ei) has the form 




5 


a has the form 



Oi2 

/Si 

^2 ' 

0 

g2x2 

/Ss 

Pa 

7 


5 



where ai,/?2 ^ Afn-2(-Rm), tt2,/5l e M(„_2)x2(-Rm); /?3 ^ M2{Rm), (^4 ^ M2x{n-2){Rm) 
and 01 1^ ) l^i^n 9 ^ —19 A —1 ^ 


case 1 Assume that either a ^ e"'^"'(mod Im) or 7 ^ 0(mod 1^) or d ^ e"'^"'(mod 

Im). 

We will show that it follows that a ^ e"'^"'(mod 1^) or 7 ^ 0(mod 1^). Assume 
that a = e"'^"'(mod J^) and 7 = 0(mod Jm)- Let k : Mn{Rm) Mn{Rm./Im) he 
the homomorphism induced by the canonical homomorphism Rm Rm/Im- Since 

/«(d) = by 

Lemma 3.9. That is equivalent to d = e"'^"'(mod Im)- Since this is a contradiction, 
a ^ e"'^"'(mod Im) or 7 ^ 0(mod Im)- Hence there is an i e {1,... ,? 7.} such that 
a^i # ei(mod J^). 

case 1.1 Assume that is {1 ,..., n — 2}. 

Clearly the (n — l)-th row of 


the image of a in U 2 n{Rm/Im, Rm/{Rm n Im)) equals 


[0-,Ti _(„_!) (1)] 


= (e 


^ - 

-(n—1),* 

1 

^ aii ^ 


Q-n—2,j 


0 

n 

0 

—n 

C-—n,i 

-1 

\ C-l,i / 


n —n 


-1 


^mC—l^n—l - - - ^mC—n,n—l 0 1 Un—2,n—1 • • • 0-1,n—1 ^ 
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n 

—n 


0.1,n-l 

On—2,n—l 

1 

0 

C—n,n—1 


1 \ 0—i,n—i ) 


1 n —n —1 

0 0 ^n—2,i • • • 


is not congruent to fn-i modulo Im since ^ ei(mod I^). Recall that // = ej 

for any I g 1 |. Hence [cr, (n—i)(l)] ^ ^2n((-Rm5-^m)? (-^mi 

Set gi := Tj_(„_i)(si) e Ui. By Lemma 4 . 5 , [a,gi] ^ U-2n{{Rm, n 

Am)). Clearly the n-th row of [a,5'i] equals /„. Let Pin be as in 3 . 11 . Set 

62 := Pin e EU2n{Pm, Pm)- Then the hrst row of r ■.=‘''^\a, gi) equals fi. Since 
P2nijyPmi Pm^ 1 (A 
r has the form 


mi Im Am)) is normal, r i U2n{{Pm,Pm), {Im, Im n Am)). Clearly 


/ 


1 

0 

0 

0 

P3 

A4 

P3 

0 

Cl 

C2 

Di 

0 

. C's 

C4 

D3 

1 

(.Rm) 

n—1 

C,,D 

'3 e 


A 

C 


B 

D 


where e R„^, A-j,^Ci e (Pm)^ C4, e ” ^(i?m), A4,, 3^,02, Di e Mn-i{Rm) 

and A {Aij)i^i,j:^n, P {P^j) ,C {Cj^j)—n:<^i^—l^D {Dij)—n^i,j^—l ^ 

—n^j^—1 l^j^n 

Mn{Rm)- Set 


E = {E, 


ij /2^2,j'^—2 


A4 

P3 ' 

, ^2 

Di . 


^ Pl2n-2{Rn 


case 1 . 1.1 Assume that E ^ Jm). 

There are i,j e { 2 ,..., — 2 } such that {E — ^ Jm. Set g2 : = 

T_i,j(s2) e U2. Then u := [r"^,5'2] has the form 

/I 0 0\ 

^ g(2n-2)x(2n-2) q 

y* w ij 

where w = (w2,... ,10-2) = S2(E — Since (E — 

^ Im, Wj =: P ^ Im- Set b := j E Rm and t := j e Rm- Choose an I 7 ^ +l,+j 
and set g^ := ^, 7 ( 53 ) e [ 4 , g^ := Ti_j{s 4 S 5 t) e [4 and g^ := T_i_j{s 3 S 4 S 5 tWj) = 
( 5354556 ) E t/ 5 . Notice that g^ ^ U2n{{Pm, Pm), {Im, Im Am)), since Wj ^ Im 
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and sss^s^t is invertible. One checks easily that 


[[[€2(j-^i|-.o h, go], g2]~^), g2], gs], 9 a] 
= [[[(''['' V°h, go], 92]y\ 92 ] , 93 ], 9i] 
= [[<^, 93 ], 94 ] 

=95- 


Set g[ := Vi e {0,..., 5} and e- := t/'m(ei) Vi e {0,1, 2}. Then 

reo/re'i ret„n 


[m[^^[^^h',g'o],g[V),9'2l9'ol9',] = 9'5- 


case 1 . 1.2 Assume that E = 2 )x( 2 n ^ 0(mod 1^)- 

n 

Set .^1 := Tii{ — Aii) e EU2n{{Rm, {Im, hm))- Since e EU2n{{Rm, Rm): {Im.) 
1=2 

hm)) — U2n(^(^Rmt R-m) t Tm)) — U2n(^(^Rmt Rm) t An R-m)] and T ^ U2ni^{^Rm) 

Rm) j An Aj^)), ^iT ^ U 2 nijyRm-i Rm): An Aj^)). Clearly 


( 1 

0 

0 

0 \ 

0 

A4 

Bo 

0 

Cl 

C2 

Di 

0 

^ CJ 

Q 

D'o 

0 


for some C'^ e Rm and C'^, Dg e ^{Rm) such that D'^ = 0 (mod Im) (consider the 
image of ^ir in U 2 n{RmlIm, Rml{Rm n Im)))- 


case 1 . 1 . 2.1 Assume that there is an i e {3,..., n} such that ^ ^ Im- 
Set 621 := Ti 2 (—1) e EU 2 niRm: Rm)- Then has the form 


' 1 


B'l 

B'l' 

0 

A 4 

B'l 

B'i 

C'l 

Cl 

D'i 

D'I 

, Cl 

C'l 

D'i 

D'i, 


where B'' C' D'' 
Mn-l{Rn 


e R„ 


TDN /O// 

-D 4 , Ui 


{Rn 


\n—1 


A'^,BICID'^ e--\Rm), B'',C'^,D'I e 
= Oil Im)- Set ^2 : = 


and C'!_ 2 ^i 


YlTui 

1=2 


- A" ' 


Furthermore A '2 = 0 (mod A 
e EU 2 n{{Rm,Rm)Alni-,I^ni))- has the form 


1 

0 

B'I' 

B'i ' 

0 

A 4 

B'i 

B'i 

C]" 

Cl' 

D'i 

Di 

. Cl' 

C"l 

O'" 

^3 

Di 


where B'lC'^,D'l e R^, B'l,C';',D'^ e {Rm)^-\ B'^,C:,D'^ 
D'l' E Mn-i{Rm)- Further A^od Im)- 


t-n—l/TD \ TD/R r^/R 
^ \^m)i 5 ^2 ’ 

Since ^ ^ Im, 
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i Im. Set 92 := T2,_,(s2) e U2. Then 

[^, 92 ] 

= (e + UJ^2S2^'-i^^ — l^m^mS2(^'-2,*){92) ^ 




■ { 92 )-^- 

Clearly [u,g2]i^ = fi and 

V^)92\22 = 1 + S2A22^raC-2,i ~ AmC'^^2,2- 

Since ^1.2* ^ ^mi AmS2^2iAmC_2 2 ^ Ira- Since C*_2 j ^ Ifm C—2,i ^ ^rn- Hence 
S22422AmC'"_2,i ^ Im since yl.22 = l(niod Im) and ,$2 and are invertible. It fol¬ 
lows that [ta,5'2]22 ^ l(niod Im)- One can proceed now as in case 1.1.1 (note that 
~ '0m('^2) ~ 6 since 1^1, 1^2 ^ IIU 2 n{{Rmj Am) j {ImjI'm)) — U 2 nijy^'rm Am^ ^ {^Im ^ 

Vm))). 


case 1.1.2.2 Assume that C'_-^ 2 ^ 

Set 621 := Ti3(— 1 ) e EU2n{.RmT Am)- Then has the form 



where B'^.CIDI e BlC'i e A^BICIDI E-\Rm), B'',ClD'i e 

Mn-i{Rm)- Furthermore A2 = 0 (mod Im) and C'!_^2 = C'(_3 2('^ocl Im)- Set ^2 ’-= 
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YlTu{-A'li) e EU2n{{Rm,Am),{Im,'rm))- Then w has the form 


' 1 

0 

Bl' 

B'^ ' 

0 

A4 

B- 

B': 

Of 

C"' 

D'l' 

D'" 


Of 

D'" 

^3 

D'![ 


where e i?„, 51',^"',^"' g {R^T-\ 

D'l' E Mn-i{Rm). Further = 01^2 = 2 (mod/^). 

C'"^ 2 ^ Im. Set g 2 := T 3 ,_ 2 (s 2 ) e ’t/ 2 . Then 


^n—1/D \ DW i^W 

^ -^3 , L/2 , 

Since C'_^ 2 ^ Im, 


[^, 92 ] 

= {e + U}*3S2l^'-2,* ~ ^*2^mS2l^'-3^^) {92) ^ 




■ { 92 ) ^ 

Clearly {u,g2]i^ = fi and 

[^, 92)33 = 1 + S 2 A^‘j,I'mC- 3^2 ~ ^mS 2 A 32 XmC- 3 ^ 3 - 

Since 2432 e Im, XmS 2 A 32 \mC — 3^3 ^ I'm.' Siuce C _32 ^ Im, 11 — 3^2 ^ Im‘ Heuce 
S2A33\mC"'-3^2 ^ Im siuce ^433 = l(mod Im) and S2 and Am are invertible. It follows 
that \oJ,g2\33 # l(mod Im)- One can proceed now as in case 1 . 1.1 

case 1 . 1 . 2.3 Assume that C'_i ^ e /m Vi e { 2 ,..., n). 
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It follows tllclt Cyil £ Im Vz £ | TZ, • • • 5 2 |. SillCG t^lT ^ f/2n((-^m5-^m) 7 
Am)), ^ Ijn- Set 621 := 7l2(-l) e EU2n{Rm,^m)- Then ^2i(^ir) has the form 



where B'^^C^Dl e R^, BIC'( e (i?^)-^ A^BICIDI B'',C^,D'i e 

M„„i(i?m)- Furthermore A'^ = 0 (mod J^) and (^"2 2 = C'_2,2 + C'_^ 2 + C'_2,i + 

n 

chi,i = C'^i,i(mod I^). Set 6 := nTi/(-A") g Ef/2.((i?m, Am), (/m, Fm))- Then 

1=2 

oj ('Ci'r)'^2 has the form 



where B'",C'^,D'! e R^, B:,C'[',D'^ e (i?^)-i, B'^,C:,D'^ ^^-\Rm), B'",C!^' 
D'" E Mn-i{Rm)- Further C"'2 2 = ^'-2,2 = T'hi^i(mod I^)- Since ^ Im 

C'^2,2 ^ ^rn- Set g2 ■= T’2^_3(/^(tsSo)) £ U2- Then 

[<^,92] 

= (e + C(;* 2 ’S 2 l^^ 3 ,* ~ ^*Z^mS 2 ^'- 2 ,*){ 92 ) ^ 
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Clearly [a;,c/ 2 ]i* = fi and 


\_^-,g‘ 2 \‘i 2 — 'S2^32AmC'"^2,3 ~ ^mS22^33^mC-2,2- 

Since A ^2 ^ ^rm ^m^ 2 A^ 2 ^mC '_2 2 ^ ^rri' Since C _22 ^ Imi ^— 2,2 ^ ^m- Hence 
52 ^ 33 AmC"'_ 2 ,i ^ Im since ^33 = l(niod Im) and S 2 and are invertible. It follows 
that [a;, 5 r 2]32 ^ Im- One can proceed now as in case 1 . 1.1 

case 1.1.3 Assnme that E = Im) and yl 3 ^ 0 (niod Im)- 

Since 2 I 3 ^ 0(niod /m), D^, ^ 0 (niod Im)- Hence there is an i e {—n,..., — 2 } such 

that D^i i ^ Im- Choose a j e {2,..., 'n}\{—i} and set g 2 '-= Tij{s 2 ) e U 2 - Then 

[t, 92 ] 

= (e + TifiS2T'Tif^—j\mS2T_i:^{^Q2) 



S2('52^1—ijjAmH„j \mS 2 DXmB—i i) 

S_ince D_j^i, B^i^i e it follows that -XmS 2 D^i_jD_j^i - S 2 {s 2 D^i^iXm 

B^i-j — XmS 2 D^i_jXmB-i^i) E Im- On the other hand S 2 D^i^iD^j_j ^ Im since 
Di _i ^ Im, D_j_j = l(niod Im) and S 2 is invertible. It follows that \T,g 2 \-ig i Im 
and hence {T,g 2 ] ^ U 2 n{{Rm,-Xm), {Im, Im n A^)). Further [T,g 2 ]ii s Im ^ 
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{2,...,n} since B = O(mod Im)- Thus one can proceed now as in case 1.1.1 or 
as in case 1.1.2. 

case 1.2 Assume a^j = ej(mod Im) Vj e n — 2 }, a^^n-i # e"^“^(mod Im) 

and G Ini' 

Consider the hrst row of 


[a, Ti _(„_!) (1)] 

= (e + CifiCT 1<7—— (n— 1 ) ( 1) 



• Ti,_(„_i)(-1) 

which equals 
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1 

n —n 

-1 


AmC_iy 

-^mC—n,l 0 0 0^—2,! • • 

dll 

1 

n —n 

-1 

\ 


+ (0 ... 

H 

0 

0 

0 ... 0 X 2 ) 



for some Xi^X 2 e R- It is clearly not congruent to fi modulo since an = 
l(mod/m), CT^^n-i # e”“^(mod Jm) and ai,n-i e Im- Hence [a, Ti _(„_i)(l)] ^ 
U 2 ni^i^Rmi Rm) j (-Imj -^m))• Set Q\ . (si) G U\. By Lemma 4.5, [cr, ^ 

U 2 n{{Rni, Am), (-^m, /m^ A^))- Clearly the n-th row of [a, gi] equals fn- Let Pin be as 
in 3.11 and set 62 := Pin ^ EU 2 n{Rm, Pm)- Then the hrst row of r equals 

fl. Since U2n{{Rm,Pm), {ImJml^Am)) is normal, r ^ U2n{{Rm,Pm), {ImJml^Am)). 
One can proceed now as in case 1 . 1 . 

case 1.3 Assume a^j = ej(mod 1^) Vj e {1,..., n — 2} and ai^n-i i Im- 
Consider the second row of 


jE2-{n-l){P)\ 

= {e + “ ^maH<,n-iah 2 ,H=)Ti,_(n-i)(— 1 ) 



• T2,_(n-1)(-1) 
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which equals 



for some Xi,X 2 e R- Its last entry clearly does not lie in 1^. Hence [a,T 2 ^_(„_i)(l)] 
^ U 2 niJyRrm 1 I'm Set Q\ . 72 ,— (n— 1 )(si) £ U\. By Lemma 4.5, 

i U 2 n{{Rm,Rm)Alm-,Im H Am))- Clearly the n-th row of [a.gi] equals fn- 
Set 62 := Pin e EU 2 n{Rm, Pm)- Then the first row of r equals fi. Since 

U2n{{Rm,Rm), (/m, H A^)) is normal, T i [/ 2 n((-Rm, Am), (Jm,-fm H A^))- One Can 
proceed now as in case 1 . 1 . 

case 1.4 Assume = ej(mod J^) Vj e {1,... ,n — 1}, a^n # e„(mod Im) and 
nin ^ Im- 

Consider the hrst row of 


[cj,Ti _„(!)] 

= (e + cj*icj_y^ i,*)Ti,—n( 1) 



24 



I f ain \ 




n 

—n 


®n—2,n 
0 
1 

C—n,n 


n —n 


-1 


-^mC—1,1 • • • AmC—n,l 0 0 (In— 2,1 ■ ■ ■ ^ll ^ ) 


1 \ C—\^n ) 

T’l,-n(-l) 


which equals 


1 n —n —1 

(l 0 ... 0 0 ... 0 ) 

1 n —n 

“i" Q-ii ^ AniC—l,n ■ ■ ■ AmC—n,n 1 0 

1 n —n 

— AmO-ln ^ AmC_i,i . . . AmC_n,l 0 
1 n —n —1 

+ ^0 ... 0 Xi 0 ... 0 X2 ^ 


for some xi,X2 e R. It is clearly not congruent to /i modulo Im since an = 
l(mod dm), a^n ^ ejj(mod Im) and o-in £ Im- Hence [cr, 7 i,_^(l)] ^ U2ni^i^Rmi Rm^i 
{Im,Im n Am)). Set gi := Ti_„(si) e 17 i. By Lemma 4 . 5 , [a,gi] ^ U2n{{Rm,Rm), 
{Im, Im n Am))- Clearly the (n - l)-th row of [a, gi] equals fn-i- Set 62 := -Pi(n-i) e 
EU2n{Rm, Rm)- Then the first row of r ■.='"'^{( 7 , g\\ equals /i. Since U2n{{Rm, Rm), 
{Im, Im n Am)) is normal, r ^ U2n{{Rm, Am), (/m, Im n Am)). One can proceed now 
as in case 1.1. 

case 1.5 Assume = ej(mod Im) Vj e { 1 ,..., n — 1 } and ai„ ^ Im- 
Consider the second row of 


-1 


2,n • • • ®ln ^ 


0 an- 2,1 - - - «-ll 


[a,T2-n{l)] 

= (e + (7if2a'_n,:i^ Am(7sena'_2,*)'I^2,—n{ 1) 
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which equals 

1 n —n —1 

(o 1 0 ... 0 0 ... 0 ) 

1 n —n —1 

+ 0-22 ^ ■ ■ ■ ^mC—n,n 1 0 Q-n—2,n • • • ®ln ^ 

1 n —n —1 

— \mO‘ 2 n ^ AmC_i^2 • • • ^mC-n ,2 0 0 an-2,2 • • • ^12 ) 

1 n —n —1 

+ (^0... 0 xi 0... 0x2 0^ 

for some Xi, X2 e R- Its last entry does clearly not lie in and hence [a, T2^_„(l)] ^ 
h^2n((.^m) Rm)^ Rm)^- Set Qi . ^2,—n(' 5 i) ^ U\. By Lemma 4 . 5 , [u, ^ 

U2n{{Rm, Rm), (^m, H Am)). Clearly the {n - l)-th row of [a, gi] equals fn-i- Set 
62 := A’i(n-i) ^ EU2niRm,Rm)- Then the hrst row of r :='^^[cr,gfi] equals /i. Since 
U2nijyRm-i Rm) 1 {^Im: Rm)^ Is normal, T ^ U2n{{Rrnj Rm) ^ Irn Am)). One 

can proceed now as in case 1.1. 

case 2 Assume that a ,6 = e"'^'^{mod Im) and 7 = 0(mod Jm). 
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Recall that a go] i 172n((-Rm, A^), {Imjm n A^)) has the form 



where Q;i,/?2 ^ Mn-2{Rm), OC 2 ,( 5 i e M(^n-2)x2{Rm), /^S ^ M2{Rm), f^A ^ M2x{n-2){Rm) 
and a, / 3 ,'y ,6 e Mn{Rm)- Clearly [3 # 0 (mod J^) since a ^ U2n{{Rm, Rm), (^m, Im n 
A^)). 

case 2.1 Assume that /^s ^ 0(mod 1 ^) or 13 a # 0 (mod Im)- 
Set := T_n,n-i{si) E Ui and u := [a~^,gi]. Then 

LV 

= W~^,9i] 

= (e + ~ —(n— 





Since /^s # 0(mod J^) or # 0(mod /„), (a;_„_n, • •. ,a;_n-i) # ( 1 , 0 ,... , 0 )(mod 
Im) or (a;_(„_i) _n,... ,a;_(n-i)-i) # (0,1, 0,..., 0)(mod J™). Hence a; ^ U2n{{Rm, 
Am), (-fm, -fm Am))- Further the next to last row of u equals /_2. Set 62 := Pi-2 ^ 
EU2n{Rm,Rm)- Then the hrst row of equals /i- Since U2n{{Rm, Rm), {Imjm n 
Am)) is normal, ^ U2n{{Rm,Rm),{Im,Im Am))- One can proceed now as in 
case 1-1 {'^^u has the same properties as r in case 1-1)- 
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case 2.2 Assume that /^s = O(mod Im) and 13 ^ = O(mod Im)- 

It follows that ( 3 i = 0 (mod Im)- Hence (32 ^ 0 (mod Im) since (3 ^ 0 (mod Im)- Set 


— (n—2) —(n—2) 

^ '-= Tn-l^k{ — bn-l,k) Tnk{ — bnk)^EU2niiRm,-^m),iIm,^m))- 

k= — l k ^—1 


Then u: := has the form 


q;2 

A ^'2 

0 

CO 

0 

i 

S' 



where e ( 3 [ e M(„_2)x2(i?m), /^s ^ ^2(^m) and a', ( 3 ',-f', 6 ' e 

Mn{Rm)- Further a', S' = e’'''’'(mod Z™), 7' = 0(mod Im), ( 3 'i = 0(mod Im), ( 3 '-^ = 
0(mod Im) and ^ 0(mod Im)- Since # 0(mod Im), there is an i e {1,..., n — 2 ] 
and a j e { — {n — 2),, —1} such that ( 3 '^j ^ Im- Choose an / e { 1 ,..., n — 2}\{—j} 
and set en := Tji{— 1 ) e EU2n{Rm, Rm)- Then has the form 


a'[ 

a'^ 

A' 

A' 

0 

g2x2 

A' 

A' 

7" 

S" 


a" / 3 "\ 
7" 5 ") 


where a'{, (3'2 e Mn-2{Rm), «2^/^l ^ 3A{n-2)x2{Rm), (31 e M2{Rm), ( 3 'i e M2x{n-2){Rm) 


and a", ( 3 ", 7", h" e Mn{Rm)- Further a"; ^ Sii{mod /„ 
and thus one can proceed as in case 1.1. 


Hence a" ^ e’^^’^(mod J„ 


Part II Assume that h ^ CU2n{{Rm, R-m), {Im, Im Rm)) and n = 3 . 

Thereisa^fo e Co and eo,ei e EUaiRm, Rm) such that a go] ^ Uo{{Rm,Rm),{Im,Imr^ 

Rm)) and a has the form 




where a = = (Ai) ,7 = {lij)-^^i^-i,b = e 

—3^ji^ —1 l^i^3 

RIsiRm) (see Part I above and [ 2 ], chapter IV, Lemma 3 . 12 , Part H, general case). 
case 1 Assume that there is an i e {— 3 , —2, —1} such that 7*2 ^ Im- 
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Set gi := Ti^_2(si) e Ui and u := \a,g]\. Then 


u 

= [(^, 9i] 

= {e + cr=^iSiO‘^2,* ~ (gi) ^ 

{ an \ 

a2i 

(Am7-1,2 Am7-2,2 Am7-3,2 0 0122 ^ 12 ) 


= {e + Si 




0 

7-3,1 
7 - 2,1 
V7-i,i/ 

/ ai2 \ 

a22 
0 

7-3,2 
7 - 2,2 
V7-1,2/ 


(Am7-l,l Am7-2,1 Am7-3,1 0 q;2i an)) 




Assume that 


SlCl^fl (Am7-1,2 Am7-2,2 ^m 7 - 3 , 2 ) 

- AmSicr,H 2 (Am7-i,i Am7-2,1 Am7-3,i) = O(mod Jm). 

By multiplying from the left we get that si (Am7-i,2 Am7-2,2 ^ml-3,2) = 
0(mod Im) which implies (7-1,2 7-2,2 7-3,2) = 0(mod Im)- Since that is a contra¬ 
diction, 

Sicr,^! (Am7-1,2 Am7-2,2 ^ml-3,2) 

- XmSia ^2 (Am7-i,i Am7-2,1 Am7-3,i) # 0(mod 1^) 

and hence u ^ UQ{{Rm,-^m), {^m, Im oi Am))- Further the third row of u equals 
/a- Set 62 := F13 e EUe^Rm, Rm)- Then the first row of equals /i- Since 
Uai^i^R-m: Rm') j (^Imj Im ^ Rm)') is UOrmal, ‘^UJ ^ Ugi^i^Rm^ Rm) j i^Im: Im ^ Rm)') ■ Oue CaU 
proceed now as in Part I, case 1 has the same properties as r in Part I, case 
1 ). 

case 2 Assume that there is an i e {—3, —2, —1} such that 7*1 ^ Im- 
This case can be treated similarly. 

case 3 Assume that 7-3,1,7-3,2,7-2,1,7-2,2,7-i,i, 7-1,2 ^ Im and one of the entries 
/^s -3 and /^s -2 does not lie in Im- 

Byia. chapter IV, Lemma 3.12, Part II, general case there are Xi, X2 e Im such that 
7-1,1 -f X2 (xi7-i,i -I- 7-2,i) £ rad{Rm) n Im where rad{Rm) is the Jacobson radical 
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of the ring Set := T_i _2(a:2)T_2e Am), (/m, r^)). Then 

p := .^icr has the form 



where a' = , i = (To-) - 3 :gi^-i,A — (( 5 ' )_3^ij^_i e 

l^i ^3 

M^{Rm). Further (/ 5 ^ _3 ^ v /^g .a ^ Im) a 7^1 ^ e rad{R^) n Set 5(1 : = 
Ti3(si) e f/i and a; := [p~^fi'l]. Then 

u 


= [p \ 9 i] 

= (e + P*iSip3* - P*,-3 SiP-i,*)(^i)”^ 





Assume that 

(/^ 7-3 /^ 7 - 2 ) 

- ■SiP* -3 (<^-1,-3 <^-1,-2) = 0(mod Im). 

By multiplying pi* from the left we get that Si (/Jg _g /Sg _2) = 0 (mod Im) which 
implies (/Sg _3 -2) = 0 (mod Jm). Since that is a contradiction, 

■^ iP *! {1^3,-3 (^3,-2) 

- Sip*, -3 {^-1,-3 ^-1,-2) # 0(mod Im) 

and hence u ^ UG{{Rm,Am), {Im, Im n A^)). Obviously = /_i(mod Im) and 

= f(mod rad(i?m) n Im). Set 62 := P3-1 ^ EUG{Rm,Iim) and ( :=^^u. 
Then C ^ [/^{{Rm, Am), {Im, Im n A„)). Further Cs* = /3(mod J^) and C33 = 
f (mod rad{Rm)<^Im). By Nakayama’s lemma C33 is invertible. Set ^2 ’.= T32(—(Cgg)”^ 
C32)T3 i( —(C33) ^ C 3 i)T 3 _l( —(C33) ^3,-1)^3 _2( —(C33) ^C3,-2) ^ EUG{{Rm, Am) , {Im, 
Fm)) and p := (^^2. Then p has the form 
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where «" = = (/ 5 ") , 7 " = ( 7 ") - 3 ^i^-l, = (^")- 3 ^..^-l e 

-3!£j!£-1 1^j^3 

■^^3 (-^m) • Since ^ Uq (J^Rytii ^m) ^ ^m) )) 7 ^ ^6 ijyRm i ^m) j i^^mi ^m -^m) ) • 

Further cigg = l(mod rad{Rm) n Im) and /^a _3 e /m- Since 773;^ = /3(niod Jm), 
7 ]h=- 3 = e_3(niod Im) (apply Lemma 3.9 to the image of ij in U2n{Rm/Im, n 

Im)))- Hence /3((_3, 5"3__3 - 1, ^"2,-3, ^"1,-3 ^ 


case 3.1 Assume that there is an 7 e {— 3 , —2, —1} and a j e {1,2} such that 7"- ^ Im- 
See case 1 . 


case 3.2 Assume that 7"3 1, 7"3 2, 7((2 i) 7-2 2) 7 -i n 7 -i 2 ^ and one of the en¬ 
tries ^{'_2, _i, ( 32 _ 2 , (^"3 _2 and ^"3 _i does not lie in Im- 

Set g2 ■-= T_i^2{s2) ^ U2 and 6 := [7,72]- Then 


e 

= [7,72] 

= (e + 7* _iS 272 h= - 7 *- 2 AmS 27 iJ( 72 )“^ 



• (72) ^ 


Assume that 

527*,-! ('^-3,-2 ^ ^m^2,-2 ^mfdl^—2^ 

AmS27H=,—2 (<^—3^—1 0 Am/32 _3 ^mf^i^—i) = 0(mod I-m)- 

It follows that (^"3 _2 0 / 3 ^' _2 / 3 " _2) , ( 5 " 3,-1 0 ^1,-1) = 0(mod Im)- 

Since that is a contradiction, 

527*, —1 ('^-3,-2 0 Am/32^_2 Am/d^ _2) 

AmS27Hs,—2 (^—3j —1 0 Am/32^_1 ^ 0(mod Im) 

and hence 0 ^ U 6 {{Rm,-^m), {Imjm n A^)). Clearly 03=, = /s. Set 63 := F13. Thus 
the hrst row of ""^6 equals fi. Since ^^7 ^ Ue^^Rm, Rm), {d^m, Im Rm)), one can 
proceed now as in Part I, case 1 . 
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case 3.3 Assume that 7-3,u 7-3,2,7-2,u 7-2,2> 7"i,i, 7-i,2,/^i,-2, 
^"3 _2, £ Im and one of the elements a'{i — 1, 7^1i,3, 5 

does not he in 1^. 


/5r,-i, /5£-2, P'i-i. 
- 1,-1 “ 1 ^cid 5"i _2 


Set g2 := Ti3(s2) e f/2 and 9 := [77 \5'2]- Then 


9 

= [v~\ 92 ] 

= {e + 7*1^273* - 7*,-3^27-1,*)(^2)”^ 

/ \ 

S'U,-2 

ri" 

C-1,-3 

A -v" 

/- 1,3 

\ ;:r// 

2 \m 7 -l ,2 

VAm 7 -l,l/ 

/ 0 \ 

0 


— (e + S2 


(0 0 a"3 / 3"_3 0 0) 


- S 2 


Am /33 _3 


a 


33 


( 7^,1 7^,2 7" 1,3 < 5^,-3 <^^,-2 


V 0 / 

^ to)-'. 


Assume that 9 e f/ 6 (( 3 ?m, A„), (J^, /m^ A^)). Then S 2 ( 5 "i,-ia 33 -S2 = ^13 ^ Im and 
S2S-1 -2(^33 = ^23 ^ Im- Since ctgg = l(mod Im), it follows that ^"3 _i — 1 , _2 ^ Im- 
Consider the column 


7 llS 2 a 33 - 71 ,- 3 ^ 27 - 1,3 - (^2 0 -siAm/33,-37-1,1 -si« 337 -l,l 0 0 )*. 

Since by assumption 9 e U^^^Rm, I^m), {Im, Im ^m)), fhe column above is congru¬ 
ent to 0 modulo Im- By multiplying 77-3,* from the left we get that 7" 3 Im since 
7 " 34 , 7 "i 4 e Im ( 7 - 3,1 is the hrst entry of 77.3,*)• Hence 77-1,* = /-i(mod Im)- It 
follows that 77*1 = ei(mod Im) (apply Lemma 3.9 to the image of 77 in U2n{Rm/Im, 
Am/(Am n Im))) and hence a'h — 1,0:21 e Im- Since that is a contradiction, 9 ^ 
U&{{Rm, Am)) {Im, Im Am))- 

case 3 . 3.1 Assume that 6*13 ^ Im or ^23 i Im- 
Set c/3 := T_2 ,i(s 3) e U3 and r := [ 9 -^,g^]. Then 


={e-\ 93 \ 

= (c + ^1,-2'S3^1* — ^l,-lAm-S36'2*)(5'3) ^ 
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— (e + S3 




0 

Am^ 2,-3 
^23 
^22 

V ^21 / 

0 

Am^l,-3 
^13 
^12 

V / 


(^11 ^12 ^13 ^1,-3 0 ^1,-1) 


(6*21 622 ^23 ^2,-3 0 6*2-1)) 


(^ 3 )-^ 


AsSU.ni6 that T £ 6/g((-Rm5 tVy^j), n A^^j)). Th6n ^;|; _ 2 ' 53^13 —lAm' 53^23 — 

O(mod/m). It follows that ^13,^23 ^ Im which is a contradiction. Hence r ^ 
UQ{{Rm,Am),{ImJm ^ A^)). Clearly r2* = f2- Set 64 := P12. Then the first 
row of ’"'^9 equals /i. Since "^9 ^ A^), (/m, Im Am)), one can proceed now 

as in Part I, case 1. 

case 3.3.2 Assume that 6*13 e and ^23 ^ Im- 

Let 9 be the image of 9 in U2n{,Rm/Im.) I^m/{I^m ^ Im))- Clearly 9 has the form 


1 

0 

0 

0 

0 

0 

\ 

0 

1 

0 

0 

0 

0 


0 

0 

933 

0 

0 

0 


0 

0 

9 - 3,3 

9 - 3,-3 

9 - 3,-2 

^-3,-1 


0 

0 

0 

0 

1 

0 


0 

0 

0 

0 

0 

1 

/ 


It follows that ^33 is invertible. Let Ih be the map defined in Dehnition 3.3. Then 


6 * 336 *- 3,-2 
=lh(^H= 3 , ^*,-2) 
=lh(0e3,0e_2) 
=]h(e 3 ,e_ 2 ) 
= 0 . 
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Hence 6 -3,-2 = 0 and therefore 9 ^3^-2 ^ Im- Further 


6^33 ^-3,-1 
=]h( 0 H= 3 ) ^*,-1) 
=]h(0e3,0e_i) 
=]h(e3,e_i) 
= 0 . 


Hence 6^3-1 = 0 and therefore 9 ^3^1 e Clearly ^22 = 1 - Set .^3 := T23(—^23) 

F2_i(-6'2-i) e 176 ((i?m, Am), (/™,r^)) and x := Then X23,X2-i = 0 and the 

image x of x in Ue{Rm/Im, Am/(Am n Im)) has the form 



Since 9 ^ Uq (^(^Rm J Am) , (fmj Im Am) ) ) X ^ Cg ( i^Rmj Am) , {^Im) Im Am) ) (i.e. X ^ ^) ■ 
Set g3 := T3i(s3) e U3 and g := [x,93]- Then 



Assume that g e C6((i?m, Am), (/m,/mnAm)). Then S3X33X-1-i--S3X3-iAmX-i,3- 
■53(1 + 'S3X33X-3,-l “ >53X3,-l-^mX-3,3) = h31 ^ and heUCe S3X33X-1,-1 — ■S3 e Im- 
It follows that X33 = l(niod Im) (i-e. X33 = 1 ) since S3 e {Rm)* and X-1,-1 = 
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l(mod Im)- That implies 


X-3-3 

^(x*3) X*,— 3 ) 
=li(xe 3 ,xe- 3 ) 
=]h(e 3 ,e_ 3 ) 

= 1 . 


Further S3X_3^3X_1^_1 — S3X_3^_lAmX-l,3 “ 'S3('S3X-3,3X-3,-l “ 'S3X_3^_lAmX-3,3) = 
^_3,1 e and hence S3X-3,3X-i-1 ^ It follows that X-3,3 = 0(mod J^) (i.e. 
X_3,3 = 0) since S3 e {Rm)* and X-1-1 = l(niod 1 ^)- But that implies the contra¬ 
diction X = e. Hence // ^ UedRra, Am), (^m, Im n Am))- Clearly /X2 h= = /2- Set 64 := 
Fi 2. Then the first row of equals fi. Since ^ UQ{{Rm,Rm), {Im,Im A^)), 
one can proceed as in Part I, case 1. 


case 3.4 Assume that 7-3,7-3,2,7-2,i>7-2,2>7-1,2, 


5^3 _2, <^-3-1, ttii — 1 , 7-13, ^-1-1 “ 1,^-1 -2 ^ Im and one of the elements 


*^12, *^22 


C 7-2,3, ^-2,-1, <^-2,-2 1 

Set g2 := T2i(s2) e R2 and Q := [r],g2]. Then 


q;'{ 3 and 0^23 


-2 ^ ^m 

does not he in 


e 

= (e + V^2S2VL - V*,-lS 2 V'- 2 ,Ji 92 )~^ 
( Oi'u \ 


= {e + S2 


S2 


^22 

0 

7-3,2 

7-2,2 

\yu,2j 


f^i-A 

fi'i-i 

0 

A" 

C-3,-1 

A" 

C-2,-1 


^"2,-1 ^-3,-1 0 Am^£-i Xm^l-l) 


(Am7-1,2 ^m7-2,2 "^"17-3,2 ^ ^22 *^ 12 )) 


V^^,-i/ 

• (^ 72 )”^ 


Assume that 9 e UQ{{Rm,Rm), {Im, Im n A,„)). Then S27*2Am/3i_i - S27*,-id']'2 = 
0(mod Im)- It follows that a"2 e Im- Hence —527^,-10:22 + 'S2e-i = 0(mod Im)- By 
multiplying g'_i from the left we get that —82^22 + '520ii e Im which implies O22 = 
l(mod Im) since o"^ = l(mod Im)- Let 7 be the image of 7 in U2n{Rm/Im, Am/(AmOi 
Im))- By Lemma 3.9, fi_2,* = f-2 since 7,^2 = 62- Hence 7"2,3, (^"2,-2“ C ^-2,-1 ^ Im- 
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Hence t) has the form 


Clearly 


and 



0 

®13 

0 

0 

0 

0 

1 

«23 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

7" 

7-3,3 

1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 


=lh( 7 }=, 3 , 97 h=- i) 
=11(1763, i7e_i) 
=lh(e3,e_i) 
=0 


=lh( 7 }=H 3 , -2) 

=lh( 7 }e 3 ,i 7 e_ 2 ) 
=lh(e 3 ,e_ 2 ) 
= 0 . 


Hence a'l^ = 0 = (123 and therefore 0^13,0^2^ e Im- Since that is a contradiction, 
9 i H A^)). Clearly 63^ = f3. Set 63 := P13. Then the first 

row of equals /i. Since ''^9 ^ Ue^^Rm, A^), {Im, Im A^)), one can proceed as in 
Part I, case 1 . 


case 3.5 Assume that 7-3,0 7-3,2> 7-2,i> 7-2,2: 7 -i,n 7 -i,2,/^i,-2, / 5 f,- 2 , /^^-o 

C- 3 ,- 2 : C_ 3 ^_l, «!! 1 , «21) 7 - 1 , 3 : C_i^_l 1 , 0 _i__ 2 : 0 ^ 12 : *^22 ^: 7 - 2 , 3 : ^-2,-1: ^-2,-2 


1 , Cl]^3, CI23 £ Im- 

Since 77 ^ Uq{{R 

m? -^m)? Im -^m)) : 7 - 3,3 ^ By 0 , chapter IV, Lemma 
3 . 12 , Part H, case 4 there are a;i,X2 e Im such that 7"i^3 + X2{xi'^'!_i3 + 7^2,3) ^ 
T(id{Rm^ n Im- Set ^3 . TL1,—2(1^2)^—2,—1(2^1) ^ EUQ{{Rm, I^m), ( 7 m; Pm)) and 
9 := ^3rj. Then 9 = ?7(mod Im), 6^33 = cigg = l(mod rad{Rm) n 1^) and ^-1,3 e 
rad{Rm) n 1 ^- Set 621 := r3,-i(-l) e EUe{Rm,Rm) and r :=^^^ 9 . Then T33 = 
l(mod rad{Rm) n Im) and r_3 _i = 0-3,-1 - 0-3,3 = 0-3,3 = 7"3 3(mod Im)- Since 
7-3,3 i ^rn, h follows that r-3,-1 i Im- Set ^4 := T 32 (-(T 33 )"^'r 32 )r 3 l(-('r 33 )"^ 
7 ' 3 i) 73 ,-i( —(T 33 )“^r 3 ,-i)T 3 ,_ 2 ( —(r 33 )“^r 3 ,- 2 ) e EUQ{{Rm,Rm),{Im,I'm)) and X : = 
t^ 4. Then y has the form 


/ 

* 


* 

\ 

0 

0 

«r 3 

/ 5 r 3 0 

0 

V 

7 '" 


6 ’" 

/ 


- 

^ a'" 



Kl'" 

5"') 
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where a'",/ 3 "', 7"', h'" e Further agg = l(mod rad{Rm) n 7 ^), ^ Im 

and h^!g _i ^ Im- One can proceed now as in case 3.1 or case 3 . 2 . 

case 4 Assume that 7.3,1,7_g,2,7-2,1,7-2,2; 7-i,2> ^3-3,/^3-2 e Im and ^g.i ^ 

Im- 

Set eii := T2i(l) e EUe{Rm,Am) and p Clearly p_3,i, p.g,2, P-2,1, P-2,2, P-1,1, 

P-1,2 e /m- Further 

P 3 * =^001 / 33,-3 /? 3,-2 + h-l /^ 3 ,-l) • 

Since 13^-2 ^ Im and /?3,-i ^ Im, /Is-2 + [Is-1 i Im- One can proceed now as in case 3 . 

case 5 Assume that 7.3,1, 7.3,2,7.2,1,7-2,2,7-i,i, 7-i,2, ^3,-3, (Is-2, ^3,-1 e Im- 
One can proceed as in case 3 {a has the same properties as (/ in case 3 ). 

Part III Assume that h g CU2n(^(^Rm, I^m/, ^Im, Im A,.,^))* 

This part corresponds to Proposition 3.3 in j 2 |, chapter IV. By [ 2 ], chapter IV, Corol¬ 
lary 3 . 4 , there is an elementary short or long root element Tij/x) e EU2n{,Rm, I^m) 
such that [h, Tij (x)] ^ U2n{^{^Rm, h-ra) , (An, Fm)) siuCC H ^ C U2n(^{,Rm, I^m/, (An,Fm,))- 

Since h G CU2n{,i^Rm, I^m) , i^Im, Im^ , [^,Fij(x)] G U2n{,i^Hm, I^m), {,1m, Im^ I^m//- 

It follows from Lemma 4.6 that there is an elementary matrix qq g Uq snch that 
[^, Po] ^ U2n{{Rm, I^m'), {Im, Im I^m')')\U2n{{Rm, I^m), {Im,I'm')/ (note that A(/l) C 
Im nnd hkk ~ hll{Tnod Im/) V/t, / since h G CU2n{{Rm, I^m) , {Im, Im ^ I^m ))). Set 
a := [h, go/- By Lemma 4 . 7 , there is an ei g EU2n{Rm, I^m) such that pi := (^^cr)ii is 
invertible. Clearly g U2n{{Rm, I^m/), {Im, Im^/^m/)/\U2n{{Hm, I^m/), {Im,I'm/)/- Set 
U1 -.= '^^a, := r.2,l(—n;.2,l(pi) ^) • • • F2l(~n;2l(pi) e EU2n{{Rm, Am), {Im, Fm)) 

and ^2 := Fi2(-(pi)"^n;i2)... ri,.2(-(pi)“^a;i,.2) e EU2n{{Rm, I^m), (/m, Fm)).Then 
r := ^101^2 has the form 

^Pi 0 P 2 ^ 

0 A 0 

\P 3 0 P 4 / 

where P2,P3,P4 e Rm and A e M2n-2{Rm)- 

case 1 Assume that P3(pi)“^ e Fm and (pi)“^p2 ^ AmFm- 

Set ^3 := T.i,i(-y3(i/i)"^) g EU2n{{Rm, Am), {Im, Fm)) and ^4 := Ti_i{-{yi)~^y2) e 
F’V2n((Am, Am), (/m,Fm)). Then C := ^sr^A has the form 

^Pi 0 0 ^ 

0 A 0 

\ 0 0 y^j 

where y^ g Rm- Clearly ^ g U2n{{Rm, Am/, {Im, Im Am)) bnt ^ ^ U2n{{Rm, 
Am), {Im, Fm)) • Hence there is an / g { 2 ,..., — 2 } such that ^ Fm. 
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case 1.1 Assume that e(/) = 1 . 

There are a b' e R and a T e 5 '^ such that yi\C^i\yi - C-i,iyi + ^mC-i,iyi = fr- Set 
t := j E Rm and gi := Ti_i{siS 2 t) e IR. One can show that [els'll equals 

T2,^i{siS2tC2iyi)- 

Ti-i-i{siS2tC(i-i)iyi)- 
Ti_i{siS2tCliyi - SiS2t)- 
Ti+i-i{siS2tC(i+i)iyi)- 

T_2-l{SiS2tC-2,iyi)- 

TiM^) 


where 2; = \mSiS2t{yi\Ri\yi - C-i,iyi + AmC-i,il/i)'SiS2t. Since 1 ^ T^ and yi 
is invertible, yi\C*i\yi ^ ^m- Since ^ Im , -(-iM + \mC-i,iyi_R_{^)min ^ ^m- 
Since SiS2tis invertible, it follows that SiS2t{yi\Ri\yi-C-i^iyi + XraC-i,iyi)siS2t i T^. 
Hence 2; ^ AmT^- Set 


^5: = 

T_2-l{-SlS2tC,-2,iyi)' 

Ti+i-i{—siS2tC{i+i)iyi)' 
Ti_i{-{siS2tCliyi - SiS2t))- 
Ti-i-i{—siS2tC{i-i)iyi)- 


T2-l{ — SiS2tQ2iyi) £ EU2n{{R mi X-m)-i (Ani 


and g2 := Ti _i(2:) e f/2. Then 

(e5[e3eiC'[^,^o])6^4,^i]) = ^2. 

Note that g2 ^ U2nijyRmi RmX)i (Ani r^)) since z ^ A^Tm- Set g^ . Rmi^gi) ^ 
{ 0 , 1 , 2 } and e[ := Then 

[^'^[h', 9 'ol 9 []= 9 ' 2 - 


case 1.2 Assume that e(/) = — 1 . 
This case can be treated similarly. 

case 2 Assume that y3{yi)~^ i Vm- 
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case 2.1 Assume that |r=Hz| e V/ e { 2 ,..., — 2 }. 

Set X := T_i,i(-|/3(|/i)-^) e EU2n{Rm, A^) (one checks easily that -y3{yi)~^ e A^). 
Then C '■= has the form 

^yi 0 y2^ 

0 A 0 

y 0 0 y^j 

where y^ e Rm- There is an b' e R and a t' e such that yz{yi)~^ = y. Set 
t := j E and gi := Ti2{siS2t) e Ui. Using the equality [a/ 9 , 7 ] = “[/^j 7 ][q^, 7] 
one gets that [r, gi] = [x“^C, di] = di]- It is easy to show that [C, gi] e 

R'U2n{,{,Rmj Rm) j aud heUCe ^ [C)5^l] ^ RbJ2n{,{,Rmj Rm) 1 {.^mj^m)) • Ou the 

other hand [x~^,gi] = T^i,2{y3{yi)~^SiS2t)T_2,2{-^i^-2ty3{yi)~^SiS2t), by (i?6) in 
Lemma 3 . 12 . Set ^3 := T_^^-|/3(l/i)"UiS2t)(^'^[C, e EU2n{{Rm, Rm), {Im, 

r„)) and g2 := T_2,2( -SiS2ty3 (?/i)'^SiS2t) e U2. Since y3{yi)~^ i F^, ^2 i 

R2ni^i^Rmi Rm) 1 va)) • Clearly 

(6Ki(''[h,^o])6,^i]) = 92 - 

As above, push this equation into U2n{Rm, Rm)/U2n{{Rm, Rm), (/m,Fm)) by apply¬ 
ing tjjm- 

case 2.2 Assume that there is an / e {2,..., —2} such that \t^i\ ^ F^. 

Choose a p e { 2 ,..., — 2 } such that p A +l and set gi := T/p(si) e Ui. Then 
( := [t, 5'i] has the form 

/l 0 0^ 

0 S 0 

VO 0 i) 

where B G M2n—2i^Rm) ■ Since T G U2n{,{,Rmi Rm)i i,^mi ^m Rm))i C ^ U2n{,{,Rmi Rm) 1 
(hmj ^m Rm))- Fy Lemma 4 . 6 , IC^pl ^ F,^. Hence ^ U2n((.Rm) Rm)^ i,^mj Fy^j)) and 
thus one can proceed as in case 1. 

case 3 Assume that (yi)~^y2 i ^mRm- 

See case 2. □ 

Lemma 4.9 Let (/, hi) he a form ideal of {R, A) and m a maximal ideal of C such 
that I n C m. Then the following is true. 

( 4 - 9 . 1 ) If U' E A' and g' e (f)m{'f’{EU2niR, R))) is the nontrivial image of an ele¬ 
mentary matrix in EU2niR,R), then 

V' C U'g' 


for some V e B'. 
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( 4 - 9 . 2 ) IfV e B' and d' e ilJm{EU2n{Rm, Rm)) is the image of an elementary matrix 
%n EU2n^Rm-! Em) j then 

g' G ^'V 

for some nontrivial image g' e (j)rn{'f’{EU2n{Ri A))) of an elementary matrix 
in EU2n{,R,R)- 

Proof Follows from the relations (R 1 )-(R 6 ) in Lemma 3 . 12 . □ 

Corollary 4.10 Let {I, Q) be a form ideal of {R, A) and m a maximal ideal of C 
such that I r\ C m. If U' e A, d' e iljm{EU2n{Rm, Em)) and g' e (j)m{'f’{EU2n{R, 
A))) is the nontrivial image of an elementary matrix in EU2n{R,R), then 

v c ^'{f^'g') 

for some V e B'. 


Proof If d' = 1 , then we are done, by ( 4 . 9 . 1 ). Assume d' ^ 1 and write d' as a 
product d'j.... d'l of nontrivial images of elementary matrices in EU2n{Rmi Am)- We 
proceed by induction on k. 

case 1 Assume that k = 1 . Since (A', B') is a supplemented base for ifrn{EU2n{Rm, 
Am)), there is a e A' such that c JJ'. Clearly 

(4.9.1) ,,, 

3 ^ {RV) (for some V' e B') 

(4.9.2) , 

^ ^ g" (for some nontrivial image g" of an elementary matrix in EU2n{R, R)) 

(4.9.1) 

^ V( (for some V( e B'). 

case 2 Assume that k > 1 . Set h' := .. .df Thus d' = d).... d[ = d'j^h'. We 

can assume by induction on k that given e A', g') ^ V for some V e B'. 

Now we proceed similarly to case 1 , replacing g' by ^ g' and d[ by d(,. Here are the 
details. Choose U[ e A' such that R<f>{U[) c JJ'. Clearly 

^ 9 '))) 

(4.9.2) , 

^ ^ g" (for some nontrivial image g" of an elementary matrix in EU2n{R, R)) 

(4.9.1) 

3 V( (for some V( e B'). 


□ 


Theorem 4.11 Let n and (R, A) he as in the third paragraph of this section. Let 
H be a subgroup of U2n{R-,R)- Then 

H is normalized by EU2n{R, R) ^ 

3 ! form ideal (/, F) such that F;C2n((R, A), (/, F)) c if c C'f/2n((R, A), (/, F)). 
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Proof 


Assume that H is normalized by EU2n{R,-^)- We have to show existence and 
uniqueness of a form ideal (/, F) such that 

EU 2 n{{R, A), (/, F)) C // C CU 2 n{{R, A), (/, F)). 


existence 

Set I := {x e R\T^2{x) e H} and T := {y e A\T^i,i{y) e H}. Then (/, F) 
is a form ideal, i?172n((-R) A), (/, F)) c E[ and (/,F) is maximal with this prop¬ 
erty (i.e. if EU2niiR, A), (R ,^')) — then I' I and F' c r). It remains 

to show that H c CU2n{iR, A), {I,r)). The proof is by contradiction. Suppose 
H $ CU2niiR:A), (J,F)). Then the image H oi H in U2niR, A)/U2niiR, A), (^,r)) 
contains a noncentral element h by the dehnition of CU2n{iR, A), (/, F)). By Lemma 
4.1 there is a maximal ideal m of C such that I CtC ^ m and h' := (pmih) is noncen¬ 
tral in U2n{Rm,Am)/U2n{{Rm,Am), {Im,Rm))- Choose an sq e Sm with the proper¬ 
ties ( 1 ) and ( 2 ) in Lemma 4 . 2 , let {A, B) be the supplemented base for EU2niR, A) 
dehned in Lemma 4.4 and set := (pmiipiA, B)). Choose an U' e A'. 

By Lemma 4.8 there is a /c e N and elements e (f)rn{'^{EU2n{R, A))), 

Cg,..., e %lJm{EU2n{,Rm: A^)) and /i,..., /^ e { — 1,1} such that g'j^ is the nontriv¬ 
ial image of an elementary matrix in EU2n{R,A), 


. .'i ([‘HpA'.say.s',]”)... ),9L.]‘‘)= A 




Ffc'i - n' 


(4,11,1) 


and 


ytE{ 0 ,...,k} 

where d- = (e--.. .-eg)'^ Vi e { 0 ,..., k}. By conjugating ( 4 . 11 . 1 ) by dj. 
we get 


[... ='^'^ 9 k- 

By Corollary 4.10 there is a C' e B' such that 


( 4 . 11 . 2 ) 


V e "'{■‘ig',). (4.11.3) 

Let U E A := 'ip{A) and V e B := 'ip{B) such that 4 >m{U) = U' and (pmiy) = V■ 
Clearly we may assume that V U since V Ci U contains a member of B. Since 
e U' = (t>m{U) Vi e { 0 ,...,/;;}, there are xo,...,Xk e U such that (f>m{xi) = 
<g'i Vi e { 0 ,..., k}. Set 

X :=[... [[h, Xgj'b Xi]'" .. .,Xk-ifA 


Clearly the l.h.s. of ( 4 . 11 . 2 ) equals (f)m{x). Further x e H since H is normalized by 
'ip{EU2niR, A)) X E M := '^(f/2„((i?, A), (sgi?, SgA))) siuce Xk-i E U M and 
M is normal. It follows that ^x H (a M. By ( 4 . 11 . 2 ) and ( 4 . 11 . 3 ) we have 


c <t>^R^(l>Ux) = M^x) ^ n M). ( 4 . 11 . 4 ) 

By Lemma 4 . 2 , is injective on M. Hence it follows from ( 4 . 11 . 4 ) that V ^ H 
(note that H c [/ c M). Let V = EU2n{RxsoR,r{xso)) e B, where x e R,xso ^ I 
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or X e A,xso ^ F, such that V = It follows that V H ■ 172n((-R, A), (/, F)). 

This implies EU 2 n{{R, A), {RxsqR, F(xso))) ^ H ■ U 2 n{{R, A), (/, F)), since both H 
and U 2 n{{R, R), (-^^r)) are normalized by EU 2 n{R,R)- Hence 

EU2n{{R, A), (RxsqR, F(xso))) 

= [EU2n{R, A.),EU2n{{R, A), {RxsqR, F(xso)))] 

C^[EU2niR, R),H- U2nm A), (/, F))] 

C^[EU2niR, R),H]{^[EU2niR: A), U2niiR, A), (/, F))]) 

= [EU2niR, R),H]{^EU2niiR, A), (/, F))) 
cFT 

by Lemma 3.16. But this contradicts the maximality of (J, F) since clearly RxsqR $ 
/ or F(xso) $ F. Thus H c CU2niiR, A), (/, F)). 

uniqueness 
Assume that 

EU2niiR, A), (/, F)) C LT c CU2niiR, A), (/, F)) 

and 

EU2niiR, A), (/', F')) c // c C172.((i?, A), (/', F')). 

It follows that 


E172n((i?,A),(/,F)) 

= [E172n(i?, A),EU2n{{R, A), (/, F))] 
c[E172n(i?, A),CU2nm A), (/', F'))] 

= E172n((i?,A),(/',F')). 

It is easy to deduce that I I' and F c T'. By symmetry it follows that 1 = 1 ' 
and F = F'. 


Suppose that 


EU2nm, A), (/, F)) C iL c CU2nm, A), (/, F)). 


Then 

{EU2n{R. A), i/] C {EU2n{R. A), CU2n{iR, A), (/, F))] = F;f/2n((i?, A), (/, F)) C H 
and hence H is normalized by EU2niR,A). □ 

Definition 4.12 Let R he a ring, r f an involution on R and A e center{R). 
Then we call R quasi-finite if it is a direct limit of subrings (f e $ where <h is 
some index set) which are almost commutative, involution invariant and contain A 
(recall that a ring is called almost commutative if it is module finite over its center). 
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Lemma 4.13 (A. Bak) Let T be an almost commutative ring, t ^ i an involution 
on T and A e center{T). Then T is a direct limit of involution invariant subrings 
Tj [j e 'k) containing A such that for any j e , Tj is a Noetherian Cj-module 
where Cj is the subring of Tj consisting of all finite sums of elements of the form 
cc and —cc where c ranges over some subring Cj c center{Tj). 


Proof Denote the center of T by C. Since T is almost commutative, there is an 
q e N and elements xi,... ,Xq e T such that T = Cxi + • • • + Cxq. For each 

k,l e { 1 ,..., g} there are , a^q’'^ e C such that x^xi = ^ a\^^'^Xp. Further 

for each k e { 1 ,..., g} there are b^i \ ..., e C such that xa: = 2 Finally 

p=i 


<? 

there are Ci,... ,Cq e C such that A = ^ CpXp. Set 


K := Z[al^^\a^p^\b^J;'\bi^\cp,Cp\k,l,pE {l,...,g}]. 


One checks easily that (7 is a iF-algebra and the direct limit of all involution invariant 
AT-subalgebras Aj {j e 'if) of C which are hnitely generated over K. For any j e if 
set Tj := Aj + AjXi + • • • + AjXq. One checks easily that each Tj is an involution 
invariant subring of T containing A. Further hmTj = T. Fix a j e if and let Cj 

j 

denote the subring of Aj consisting of all hnite sums of elements of the form ad and 
—ad where a e Aj. We will show that Tj is a Noetherian (Fj-module. Clearly Aj is 
a hnitely generated Z-algebra and hence also a hnitely generated Cj-algebra. Since 
for any a e Aj 

a + d = (a + l)(a + 1) — aa — 1, 

Cj contains all sums a + a where a e Aj. Since any a e Aj is root of the monic 
polynomial — (a + a)X + ad, Aj is an integral extension of Cj. Since Aj is an 
integral extension of Cj and a hnitely generated Cj-algebra, Aj is a hnitely generated 
module over Cj by [ 6 ], chapter VII, Proposition 1 . 2 . Since Tj is hnitely generated 
over Aj, it is a hnitely generated Cj-module. Since X is a Noetherian ring, Aj is 
a Noetherian ring (by Hilbert’s Basis Theorem) and hence Cj is a Noetherian ring 
(by the Eakin-Nagata Theorem). Thus Tj is a Noetherian ( 7 ,-module. □ 


Theorem 4.14 Let n ^ 3 and {R,A) a form ring where R is quasi-finite. Let H 
be a subgroup of U2n{RiA)- Then 


H is normalized by EU2n{R, A) 

3 ! form ideal (/, F) such that EU2n{{R, A), {I, T)) ^ H ^ CU2n{{R, A), {I,T)). 


Proof Let (/,F) denote the level of H, i.e. the largest form ideal such that 
EU 2 niiR,A),{I,T)) C H. We willshowthat XC C'V 2 n((i?,A),(/,F)), i.e. [a, r] e 
U2niiR, A), (/, F)) for any a e H and r e U2niR, A). Let a e H and r e U2niR, A). 
Since R is quasi-hnite, it is the direct limit of almost commutative, involution in¬ 
variant subrings Ri [i e $) containing A. By the the previous lemma each Ri is the 
direct limit of involution invariant subrings Rij {j e Tj) containing A such that for 
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any j e '3/^, Rij is a Noetherian C'jj-module where Cij is the subring of Rij consist¬ 
ing of all hnite sums of elements of the form cc and —cc where c ranges over some 
subring Ch c center {Rij). If i e $ and j e 'hj, set Ajj := A n R^. One checks 
easily that {Rij,Aij) is a form ring. Clearly there is an i e <h and a j e 'kj such 
that a,T e U 2 n{Rij, Aij). Set Hij := U 2 n{Rij,Aij) n H. Then a e Hij and Hij is 
normalized by EU 2 n{Rij, Aij). Let (/jjjTjj) denote the level of Hij. Then obviously 
lij c / and Vij c T. By Theorem 4.11, 

Hij C CU 2 n{{Rij,Kj), {hj^^ij))- 

Hence [a, r] e f/ 2 n((-Rii, A^), (Aj, T^)) c f/ 2 n((^, A), (J, T)). Thus we have shown 
that 

EU2n{{R: A), (/, T)) C LT C CU2n{{R: A), (/, T)) 

where (/, T) is the level of H. The uniqueness of (/, T) and the implication follow 
from the standard commutator formulas (see the proof of Theorem 4.11). □ 
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